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NONABELIAN HODGE THEORY IN POSITIVE
CHARACTERSTIC VIA EXPONENTIAL TWISTING
GUITANG LAN, MAO SHENG, AND KANG ZUO
Abstract. Let k be a perfect field of odd characteristic and X a smooth alge-
braic variety over k which is W2-liftable. We show that the exponent twisiting
of the classical Cartier descent gives an equivalence of categories between the
category of nilpotent Higgs sheaves of exponent ≤ p−1 over X/k and the cate-
gory of nilpotent flat sheaves of exponent ≤ p−1 over X/k, and it is equivalent
up to sign to the inverse Cartier and Cartier transforms for these nilpotent ob-
jects constructed in the nonabelian Hodge theory in positive characteristic by
Ogus-Vologodsky [9]. In view of the crucial role that Deligne-Illusie’s lemma
has ever played in their algebraic proof of E1 degeneration and Kodaira vanish-
ing theorem in abelian Hodge theory, it may not be overly surprising that again
this lemma plays a significant role via the concept of Higgs-de Rham flow [5] in
establishing p-adic Simpson correspondence in nonabelian Hodge theory and
Langer’s algebraic proof of Bogomolov inequality for semistable Higgs bundles
and Miyaoka-Yau inequality [6].
1. Introduction
Let k be a perfect field with positive characteristic and X a smooth algebraic
variety over k. We have the commutative diagram of Frobenii
X
FX/k
✲ X ′
pi
✲ X
Spec k
❄
σ
✲
✲
Spec k.
❄
In the above diagram, the composite of the relative Frobenius FX/k with π is the
absolute Frobenius map FX of X , and σ is the absolute Frobenius of Spec k.
A Higgs sheaf over X/k is a pair (E, θ) where E is a coherent sheaf of OX -
modules and θ : E → E⊗ΩX/k anOX -linear morphism satisfying the integrability
condition θ ∧ θ = 0. It is said to be nilpotent of exponent ≤ n if for all local
sections ∂1, · · · , ∂n of TX/k,
θ(∂1) · · · θ(∂n) = 0.
Let HIG be the category of Higgs sheaves over X/k and HIG≤n the full subcat-
egory of nilpotent Higgs sheaves of exponent ≤ n. Note that HIG1 is just the
category of coherent sheaves of OX -modules. On the other hand, we introduce
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the category MIC of flat sheaves over X/k. A flat sheaf over X/k is a pair (H,∇)
with H a coherent sheaf of OX -modules together with an integrable k-connection
∇ : H → H ⊗ ΩX/k. To each (H,∇) ∈ MIC one associates the p-curvature map
ψ : H → H ⊗F ∗XΩX/k, which is OX -linear and satisfies ψ∧ψ = 0 (see §5.0.9 [7]).
Following Definition 5.6 [7], (H,∇) is said to be nilpotent of exponent ≤ n if for
all local sections ∂1, · · · , ∂n of TX/k,
ψ(∂1) · · ·ψ(∂n) = 0.
Let MICn be the full subcategory of nilpotent flat sheaves over X/k of exponent
≤ n. Note MIC1 is the category of flat sheaves with vanishing p-curvature. The
classical Cartier descent theorem is as follows:
Theorem 1.1 (Theorem 5.1 [7]). There is an equivalence of categories between
HIG1 and MIC1. Explicitly, one associates (F
∗
XE,∇can) to (E, 0) ∈ HIG1 and
conversely, one associates π∗H
∇ to (H,∇) ∈ MIC1.
In the above theorem, ∇can means the unique connection on F
∗
XE such that the
pullback of any local section of E is flat, and the k-subsheaf H∇ of flat sections is
naturally a OX′-module of the same rank as H . By abuse of notations, we omit
π∗ by assuming this identification of an object over X
′ with the corresponding
object over X .
In the recent spectacular work [9], Ogus and Vologodsky have established the non-
abelian Hodge theory in positive characteristic. Among other important results,
they have generalized Theorem 1.1 in a far-reaching way, and also the funda-
mental p-curvature formula of the Gauss-Manin connection of Katz [8] and the
fundamental decomposition theorem of Deligne-Illusie [1]. A special but essential
case of their main construction in loc. cit. is the following
Theorem 1.2 (Thereom 2.8 [9]). Suppose X is W2-liftable. Then there is an
equivalence of categories
HIGp−1
C−1
−−−⇀↽ −
C
MICp−1.
Remark 1.3. A W2-lifting X˜ of X induces the W2-lifting X˜
′ := X˜ ×Spec W2,σ
SpecW2 ofX
′. Put (X ,S) = (X/k, X˜ ′/W2). Then the above functor C
−1 is given
by C−1X/S ◦ π
∗ and C given by π∗CX/S , where C
−1
X/S (resp. CX/S) is the inverse
Cartier transform (resp. Cartier transform) with respect to the pair (X ,S) in
[9], restricting to the above subcategories. The full categories in loc. cit. have
the merit of being tensor categories and their functors are compatible with tensor
product.
The present note is aimed towards readers who wish to understand their fun-
damental functors (essentially C−1 and C) in a more explicit (but therefore less
elegant) way. Our point of view is that the (inverse) Cartier transform is noth-
ing but the exponential twisting of the Cartier descent theorem. For a technical
reason (see §2), we have to assume char(k) = p to be odd from now on. In §2,
we construct a functor C−1exp from HIGp−1 to MICp−1 and then a functor Cexp in
3the converse direction. Then in §3, we show that there is a natural isomorphism
between the functor C−1exp (resp. Cexp) and the functor C
−1 (resp. C). In §4, we
explain that the Gauss-Manin flat bundle of a Fontaine-Faltings module can be
reconstructed from the associated graded Higgs bundle via the inverse Cartier
transform.
2. Exponential twisting
2.1. Deligne-Illusie’s Lemma. Rewrite X by X0. Choose and then fix a W2-
lifting X1 of X0. Then take an affine covering U = {U˜α}α∈I of X1 and for each
U˜α, take a Frobenius lifting F˜α : U˜α → U˜α which mod p is the absolute Frobenius
F0 : Uα → Uα. Here Uα means the closed fiber of U˜α. In the following, we shall
always use F0 for the absolute Frobenius on any variety over k. The induced
morphism by F˜α on differential forms over U˜α is therefore divisible by p. The
composite of OU˜α-morphisms
F˜ ∗αΩU˜α
F˜α→ pΩU˜α
1
[p]
∼= ΩUα
induces an OUα-morphism
ζα :=
F˜α
[p]
: F ∗0ΩUα → ΩUα.
The basic lemma of Deligne-Illusie in [1] is the following:
Lemma 2.1. There are homomorphisms hαβ : F
∗
0ΩUαβ → OUαβ , satisfying the
following two properties:
(i) over F−10 ΩUαβ we have ζα − ζβ = dhαβ;
(ii) the cocycle condition over Uαβγ: hαβ + hβγ = hαγ.
Proof. Consider the W2-morphism Gα : Z
′
α → U
′
αβ := U
′
α ∩ U
′
β sitting in the
following Cartesian diagram:
Z ′α
Gα−−−→ U ′αβ
j′α
y yi′α
U ′α
Fα−−−→ U ′α
where i′α is the natural inclusion. By reduction modulo p, we obtain the following
Cartesian square
Zα
G0−−−→ Uαβ
jα
y yiα
Uα
F0−−−→ Uα.
Thus we see that Zα is Uαβ and Gα : Z
′
α → U
′
α is a lifting of the absolute
Frobenius F0 over Uαβ . Similarly for (U
′
β, Fβ), we have Gβ : Z
′
β → U
′
αβ which
is also a lifting of F0 : Uαβ → Uαβ . Now we apply Lemma 5.4 [3] to the pair
(Gα : Z
′
α → U
′
αβ, Gβ : Z
′
β → U
′
αβ) of Frobenis liftings of the absolute Frobenius
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F0 on Uαβ, we get the homomorphisms hαβ : F
∗
0ΩUαβ → OUαβ such that over
F−10 ΩUαβ we have ζα − ζβ = dhαβ and hαβ + hβγ = hαγ . 
2.2. Inverse Cartier. Given a Higgs sheaf (E, θ) ∈ HIGp−1, we are going to
associate to it a flat sheaf C−1exp(E, θ) ∈ MICp−1.
Description: Over each Uα, we define a local sheaf Hα := F
∗
0 (E|Uα) together with
a connection over Hα by the formula
∇α = ∇can + ζα(F
∗
0 θ|Uα)
where E|Uα is the restriction of E to Uα (similar for the meaning of θ|Uα) and ∇can
is the flat connection in the Cartier descent theorem 1.1. Over Uαβ := Uα ∩ Uβ,
after Lemma 2.1, we define an OUαβ -linear morphism
hαβ(F
∗
0 θ) : F
∗
0E|Uαβ → F
∗
0E|Uαβ .
Because θ is by assumption nilpotent of exponent ≤ p− 1, we are able to define
an element in Gαβ ∈ AutOUαβ (F
∗
0E|Uαβ) by the formula
exp[hαβ(F
∗
0 θ)] :=
p−1∑
i=0
(hαβ(F
∗
0 θ))
i
i!
.
Then we use the set of local isomorphisms {Gαβ}α,β∈I to glue {(Hα,∇α)}α∈I , to
obtain the claimed flat sheaf C−1exp(E, θ) over X/k. The verification details are
contained in the following steps:
Step 1: Local sheaves glue. It is to show the cocycle condition:
Gβγ ◦Gαβ = Gαγ.
We compute
Gβγ ◦Gαβ = exp[hβγ(F
∗
0 θ)] exp[hαβ(F
∗
0 θ)].
It follows from the integrability of Higgs field that the two morphism hαβ(F
∗
0 θ)
and hβγ(F
∗
0 θ) commute with each other. Thus we compute further that
Gβγ ◦Gαβ = exp[(hβγ + hαβ)(F
∗
0 θ)] = exp[hαγ(F
∗
0 θ)] = Gαγ .
The second equality follows from Lemma 2.1 (ii).
Step 2: Local connections glue. It is to show that the local connections {∇α}
coincide on the overlaps, that is
(Gαβ ⊗ id) ◦ ∇α = ∇β ◦Gαβ .
It suffices to show
ζα(F
∗
0 θ) = G
−1
αβ ◦ dGαβ +G
−1
αβ ◦ ζβ(F
∗
0 θ) ◦Gαβ.
We see that
G−1αβ ◦ dGαβ = −dG
−1
αβ ◦Gαβ = dhαβ(F
∗
0 θ),
5and
G−1αβ ◦ ζβ(F
∗
0 θ) ◦Gαβ = ζβ(F
∗
0 θ),
as Gαβ commutes with ζβ(F
∗
0 θ) due to the integrability of the Higgs field. So
G−1αβ ◦ dGαβ +G
−1
αβ ◦ ζβ(F
∗
0 θ) ◦Gαβ = dhαβ(F
∗
0 θ) + ζβ(F
∗
0 θ) = ζα(F
∗
0 θ).
The last equality uses Lemma 2.1 (i).
Step 3: Flatness. This is a local property. First of all, one has
F ∗0 (θ) ∧ F
∗
0 (θ) = F
∗
0 (θ ∧ θ) = 0,
and then
ζα(F
∗
0 θ) ∧ ζα(F
∗
0 θ) = (
2∧
ζα)(F
∗
0 θ ∧ F
∗
0 θ) = 0.
(Here is the place where we need to exclude p = 2 as we use the second wedge
product.) It is left to show that d(ζα(F
∗
0 θ)) = 0. This is done by a local compu-
tation: by definition, for ω ∈ ΩUα,
ζα(F
∗
0ω) =
1
[p]
(dFα(F
∗
αω
′)),
where ω′ ∈ ΩU ′α is any lifting of ω. Then
d ◦ ζα(F
∗
0ω) = d ◦
1
[p]
(dFα(F
∗
αω
′)) =
1
[p]
(d ◦ dFα(F
∗
αω
′)).
We may write ω′ =
∑
i fidgi for fi, gi ∈ OU ′α. Then
d(dFα(F
∗
αω
′)) =
∑
i
d(F ∗αfi) ∧ d(F
∗
αgi) ∈ p
2Ω2U ′α = 0.
Thus d(ζα(F
∗
0ω)) = 0. Clearly it follows that d(ζα(F
∗
0 θ)) = 0.
Step 4: Nilpotency. The p-curvature of the flat sheaf C−1exp(E, θ) over Uα takes the
form
F ∗0 θUα : F
∗
0E|Uα → F
∗
0E|Uα ⊗ F
∗
0ΩUα
which is clearly nilpotent of exponent ≤ p− 1.
2.3. Cartier. We shall do the converse process, namely, associate a Higgs sheaf
Cexp(H,∇) ∈ HIGp−1 to any flat sheaf (H,∇) ∈ MICp−1.
Description: Let ψ : H → H ⊗ F ∗0ΩX/k be the p-curvature map of (H,∇). Set
Hα := H|Uα, ∇α := ∇|Uα, ψα := ψ|Uα.
Define a new connection ∇′α on Hα by the formula:
∇′α = ∇α + ζα(ψα).
Because of the nilpotency condition on ψ, we can use again Lemma 2.1 to define
Jαβ := exp(hαβ(ψ)) ∈ AutOUαβ (H|Uαβ).
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Then we use the set {Jαβ}α,β∈I of local isomorphisms to glue {Hα,∇
′
α}α∈I , to
obtain a new flat sheaf (H ′,∇′) whose p-curvature vanishes. The p-curvature
map ψ induces an F -Higgs sheaf in a natural way
ψ′ : H ′ → H ′ ⊗ F ∗0ΩX/k,
which is parallel with respect to ∇′. By the Cartier descent theorem 1.1, the pair
(H ′, ψ′) descend to a Higgs sheaf Cexp(H,∇). The verification steps are given as
follows:
Step 1: Local sheaves glue. This step follows from Lemma 2.1 (ii) in a similar
way to Step 1 of inverse Cartier. Also, it is direct to check that
ψβ ◦ Jαβ = Jαβ ◦ ψα.
Hence ψ induces an F -Higgs sheaf ψ′ : H ′ → H ′ ⊗ F ∗0ΩX/k.
Step 2: Local connections glue. It is to show
ζα(ψ) = J
−1
αβ ◦ dJαβ + J
−1
αβ ◦ ζβ(ψ) ◦ Jαβ.
As by Lemma 2.1 (i)
J−1αβ ◦ dJαβ = −dJ
−1
αβ ◦ Jαβ = d(ψ(hαβ)) = ζα(ψ)− ζβ(ψ),
and
J−1αβ ◦ ζβ(ψ) ◦ Jαβ = ζβ(ψ),
it follows that
J−1αβ ◦ dJαβ + J
−1
αβ ◦ ζβ(ψ) ◦ Jαβ = ζα(ψ)− ζβ(ψ) + ζβ(ψ) = ζα(ψ).
Step 3: P -curvature of the new connection vanishes. This is a local check, which
is reduced to check an elementary polynomial identity in char p (see Statement
2.3 below). The following proof relies on instead a trick due to S. Mochizuki.
Take a system of e´tale local coordinates {t1, · · · , td} for Uα. Write O for OUα and
Ω for ΩUα and so on. Consider an auxiliary sheaf O ⊕ F
∗
0Ω, equipped with the
connection ∇1 defined by the formula:
(f, g ⊗ ω) 7→ (df + g ⊗ ζ (1⊗ ω), (1⊗ ω)⊗ dg) , f, g ∈ O, ω ∈ Ω.
Its p-curvature ψ∇1 takes a simple form. In fact, it is zero over the factor O, and
for ω,
ψ∇1(1⊗∂ti)(1⊗dtj) = (∇1(1⊗∂ti))
p(1⊗dtj) = (
∂
∂ti
)p−1(∂tiyζα(1⊗dtj)) = −δij ,
where δij is the Dirichlet delta-function. So we obtain the formula for ψ∇1 :
ψ∇1(f, g ⊗ ω) = −(g, 0)⊗ ω.
Next we extend the connection ∇1 to the connection ∇2 on
F ∗0 (S
·Ω) = O ⊕ F ∗0Ω⊕ F
∗
0 S
2Ω⊕ · · ·
by the Leibniz rule. From above, it is easy to see the formula for its p-curvature
ψ∇2 :
ψ∇2(1⊗ ∂ti)(1⊗ ω) = −1 ⊗ ∂tiyω, ω ∈ S
·Ω.
7Finally, ∇2 induces the dual connection ∇3 on its dual F
∗
0 (S
·T ). Set
fij := ∂tjyζα(1⊗ dti)
, 1Ω the unit of F
∗
0 (S
·Ω), 1T the unit of F
∗
0 (S
·T ), and < · > the natural pairing
between F ∗0 (S
·T ) and F ∗0 (S
·Ω). It holds that
< ∇3(∂ti)(1T ), 1Ω >= − < 1T ,∇2(∂ti)(1Ω) >= 0,
and
< ∇3(∂ti)(1T ), 1⊗ dtj >= − < 1T ,∇2(∂ti)(1⊗ dtj >= −fji,
and for m ≥ 2
< ∇3(∂ti), 1⊗ dti1 · · ·dtim >= 0.
So we obtain the formula for ∇3:
(2.1.1) ∇3(∂ti)(1T ) =
d∑
j=1
−fji ⊗ ∂tj .
It follows that for its p-curvature ψ∇3 , one has
< ψ∇3(1⊗ ∂ti)(1⊗ (∂t1)
i1 · · · (∂td)
id), 1⊗ (dt1)
j1 · · · (dtd)
jd >
= < [∇3(∂ti)]
p(1⊗ (∂t1)
i1 · · · (∂td)
id), 1⊗ (dt1)
j1 · · · (dtd)
jd >
= − < 1⊗ (∂t1)
i1 · · · (∂td)
id , [∇2(∂ti)]
p(1⊗ (dt1)
j1 · · · (dtd)
jd) >
= − < 1⊗ (∂t1)
i1 · · · (∂td)
id , ψ∇2(1⊗ ∂ti)(1⊗ (dt1)
j1 · · · (dtd)
jd) >
= < 1⊗ (∂t1)
i1 · · · (∂td)
id , 1⊗ ∂tiy((dt1)
j1 · · · (dtd)
jd) >
= < 1⊗ ∂ti(∂t1)
i1 · · · (∂td)
id, 1⊗ (dt1)
j1 · · · (dtd)
jd > .
So for τ ∈ F ∗0 (S
·T ), υ ∈ F ∗0 T ,
(2.1.2) ψ∇3(υ)(τ) = υ · τ.
Now we let F ∗0 T act on F
∗
0 (S
·T ) via ψ∇3 , which extends to an L := F
∗
0 (S
·T )-
action on F ∗0 (S
·T ). By Formula 2.1.2, this action is just the multiplication map.
So F ∗0 (S
·T ) is a rank one free module over L with the basis 1T . Recall that
L acts on H via the p-curvature map ψ. Therefore there is an isomorphism of
O-modules:
λ : H omL(F
∗
0 (S
·T ), H) ∼= H, φ 7→ φ(1T ).
The connection ∇3 on F
∗
0 (S
·T ) and ∇ on H induces the connection ∇4 on
H omL(F
∗
0 (S
·T ), H), which via the above isomorphism λ induce the connection
∇′′ on H . Claim that ∇′′ = ∇′. Note that the claim completes this step, since L
acts on H omL(F
∗
0 (S
·T ), H) tautologically by zero and therefore the p-curvature
map of ∇′′ is simply the zero map. So, for any φ ∈ H omL(F
∗
0 (S
·T ), H) and the
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corresponding e := φ(1T ), one calculates that
∇′′(∂ti)(e) = (∇4(∂ti)φ)(1T )
= ∇(∂ti)(φ(1T ))− φ(∇3(∂ti)(1T ))
= ∇(∂ti)(e) +
d∑
j=1
φ(fji ⊗ ∂tj)
= ∇(∂ti)(e) +
d∑
j=1
φ(ψ∇3(fji ⊗ ∂ti)(1T ))
= ∇(∂ti)(e) +
d∑
j=1
ψ∇3(fji ⊗ ∂tj)(φ(1T ))
= ∇(∂ti)(e) + ∂tiyζ(ψ(e)).
Thus ∇′′ = ∇+ ζ(ψ) = ∇′ as claimed.
Step 4: Nilpotency. It is clear that the so-obtained Higgs sheaf Cexp(H,∇) is
nilpotent of exponent ≤ p− 1.
Remark 2.2. One could probably verify directly the following statement to avoid
using Mochizuki’s trick:
Statement 2.3. Let n denote the nilpotent exponent of the connection, then
n ≤ p− 1. For any k ≤ n, set
fk(T1, · · · , Tk) =
∑
0≤a1+···ak≤p−k
(1 + Tk)
ak(1 + Tk + Tk−1)
ak−1 · · · (1 + Tk + · · ·T1)
a1
here, the index a1, · · · , ak are natural numbers. And set
Fk(T1, · · ·Tk) =
∑
σ∈Sk
fk(Tσ(1), · · ·Tσ(k)),
here Sk is the permutation group of k elements. Then for k > 1, Fk mod p is
zero.
Remark 2.4. It is not difficult to see that C−1exp and Cexp (up to isomorphisms)
depend neither on the choices of coverings U nor on the choices of Frobenius
liftings. However, they depend on the choice of W2-liftings of X . Also, it is clear
that they respect a G-structure on flat sheaves or Higgs sheaves for any subgroup
G ⊂ GL.
3. Equivalence of two constructions
In this section we want to show that our construction coincides with Ougs-
Vologodsky’s abstract construction up to a minus sign. The notions in [9] will be
directly applied in the following.
9For (E, θ) ∈ HIGp−1, let (E
′, θ′) := π∗(E, θ) be the pull-back Higgs sheaf over
X ′0. Then C
−1
(X ,S)(E
′, θ′) is defined as
(M,∇M) := BX /S ⊗Γˆ·TX′0
ι∗(E ′).
Now for (U˜α, F˜α), we set U
′
α := Uα×W2,σW2 and F
′
α the composite of F˜α and π˜
−1.
They provide an isomorphism
σα : BX /S |Uα
∼= F ∗Γˆ·TU ′α ,
which induces isomorphisms:
ξα : M |Uα
∼= F ∗Γˆ·TU ′α ⊗Γˆ·TU′α
ι∗E ′ ∼= F ∗0 Γˆ·TUα ⊗Γˆ·TUα ι
∗E,
and
̟α : F
∗
0 Γˆ·TUα ⊗Γˆ·TUα ι
∗E ∼= F ∗0 ι
∗E ∼= F ∗0E.
Set ηα := ̟α ◦ ξα. Then under the isomorphism ηα, ∇M induces a connection ∇α
on F ∗0E. Then for any local section e of E over Uα,
∇α(∂tk)(1⊗ e) = ̟α(∇∂tk(1T )⊗ e)
= ̟α(
d∑
i=1
(fik ⊗ ∂ti)⊗ e)
= −
d∑
i=1
̟α(fik ⊗ θ∂ti(e))
= −
d∑
i=1
fik̟α(1⊗ θ∂ti(e))
= −∂tkyζα(θ(e)).
Notice that the connection on F ∗0 Γˆ·TUα in [9] differs from ours by a minus sign.
So
∇α = ∇can − ζ(θ).
Now on the overlap Uαβ , σβ ◦σ
−1
α is just the multiplication map by exp(hαβ), here
hαβ is considered as a local section of F
∗TU ′αβ . So if we set J¯αβ := ηβ ◦ η
−1
α , then
J¯αβ(1⊗ e) = exp(hαβ)⊗ π
∗(e) = exp(−hαβ(F
∗
0 θ(e))).
It follows that the inverse Cartier transform C−1(X ,S)(π
∗(E, θ)) is equivalent to using
{J¯αβ = exp(−hαβ(F
∗
0 θ))}
to glue the local models
{(Mα = F
∗
0E|Uα,∇α = ∇can − ζα(θ))},
which is just C−1exp(E,−θ).
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On the other hand, given a flat sheaf (H,∇) ∈ MICp−1, its Cartier transform
C(X ,S)(H,∇) is defined by
(E ′, θ′) = ι∗H omDγ
X0/S
(BX /S , H).
Let DX0/k be the sheaf of PD-differential operators on X0. Set Dα := DX0/k|Uα,
and (E, θ) := π∗(E
′, θ′). As the p-curvature map ψ of (H,∇) is nilpotent of
exponent ≤ p− 1, the above σα induces isomorphisms:
µα : E|Uα
∼= ι∗H omF ∗0 TUα (F
∗
0 TUα , H)
Dα,
and
κα : ι
∗
H omF ∗0 TUα (F
∗
0 TUα , H)
Dα ∼= H∇
′
α
α .
Here ∇′α is the connection on Hα induced from that on H omF ∗0 TUα (F
∗
0 TUα , Hα)
which is in turn induced by the connection ∇Tα on F
∗
0 TUα and ∇ on H . Now the
calculation in the Step 3 of our Cartier construction in §2 shows that
∇′α = ∇H + ζα(ψ).
Set ρα := κα ◦µα. Then via the isomorphism ρα, the Higgs field θ induces a Higgs
field θα on H
∇′α. Then for any local section e = φ(1T ) of H over Uα annihilated
by ∇′α with φ a local section of H omF ∗0 TUα (F
∗
0 TUα, H) over Uα, one has
θα(∂tk)(e) = κα(ψ(∂tk) ◦ φ) = −ψ(∂tk)(φ(1T )) = −ψ(∂tk)(e).
That means θα = −ψ. Now on the overlap Uαβ , if we set Jαβ := ρβ ◦ ρ
−1
α , then
for e ∈ H∇
′
α, with e = φ(1T ) for φ ∈ H omF ∗0 TUα (F
∗
0 TUα, H), one has
Jαβ(e) = φ(exp(hβα))
= φ(ψT (exp(hαβ))(1T ))
= exp(ψ(hαβ))(φ(1T ))
= exp(ψ(hαβ))(e),
which means
Jαβ = exp(ψ(hαβ)).
It follows that the Cartier transform π∗C(X ,S)(H,∇) is naturally isomorphic to
Cexp(H,−∇).
4. Gauss-Manin connection of a Fontaine-Faltings module
LetX be a smooth scheme overW . G. Faltings, generalizing the work of Fontaine-
Laffaille to a geometric base, introduced the category MF∇[0,n](X/W ), n ≤ p− 1
in [2]. An object in this category shall be called a Fontaine-Faltings module.
Under a mild condition, for a smooth proper morphism f : Y → X over W ,
the higher direct images of the constant crystal over Y/W are objects in this
category. In that case, let H be the hypercohomology of the relative de Rham
complex of f , ∇ the Gauss-Manin connection, Fil the Hodge filtration and Φ the
relative Frobenius. Then the four tuple (H,∇, F il,Φ) makes a Fontaine-Faltings
module coming from geometry. In general, a Fontaine-Faltings module may not
come from geometry. We intend to point out a relation of the mod p reduction
of (H,∇) with the above theory. We assume from now on that (H,∇, F il,Φ) is
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a strict p-torsion Fontaine-Faltings module, i.e. pH = 0 (one considers otherwise
its mod p-reduction). Let (E, θ) = GrF il(H,∇) be the graded Higgs bundle. We
show the following
Proposition 4.1. The relative Frobenius Φ induces an isomorphism of flat sheaves:
Φ˜ : C−1(E,−θ) ∼= (H,∇).
Remark 4.2. In our recent work [5], the inverse Cartier transform has been lifted
over an arbitrary truncated Witt ringWn and the analogous statement holds over
Wn for n ∈ N.
Proof. We use the reinterpretation of C−1 via the exponential twisting and write
(Hexp,∇exp) for C
−1
exp(E, θ). Take a small open affine covering {Uα} ofX, together
with a Frobenius lifting FUα over Uˆα, the p-adic completion of Uα. As before,
we denote by U˜α and F˜α their mod p
2 reductions. Recall that over the pair (Uα,
FUα), the strong p-divisible property of Φ provides an local isomorphism:
Φ˜F˜α :=
∑
i
Φ/pi : Hexp|Uα = F
∗
0 (E|Uα)
∼= H|Uα.
Then we shall show that the set of local isomorphisms {Φ˜F˜α} glues into an iso-
morphism Φ˜ as claimed.
Step 1: Sheaf isomorphism. For any local section e of E over Uαβ, we are going
to show that over Uαβ ,
Φ˜F˜α(F
∗
0 e) = Φ˜F˜β ◦ Jαβ(F
∗
0 e).
We take a system of e´tale local coordinates {t1, · · · , td} of Uαβ . For a multi-index
j = (j1, · · · , jd), we put
θ
j
∂ = (∂t1yθ)
j1 · · · (∂tdyθ)
jd, zl =
(
F˜α − F˜β
[p]
)
(F ∗0 tl), z
j =
d∏
l=1
zjll .
As Φ is horizontal under ∇, according to the Taylor formula, we have
Φ˜F˜α(F
∗
0 e) = Φ˜F˜β ◦

1 + n∑
|j|=1
F ∗0 (θ
j
∂) ·
zj
j !

 (F ∗0 e).
So it suffices to show Jαβ = 1 +
∑n
|j|=1 F
∗
0 (θ
j
∂) ·
zj
j !
. As
hαβ(F
∗
0 θ) =
d∑
l=1
F ∗0 (∂tlyθ)hαβ(F
∗
0 dtl),
and
hαβ(F
∗
0 dtl) =
(
F˜α − F˜β
[p]
)
(F ∗0 tl) = zl,
12 GUITANG LAN, MAO SHENG, AND KANG ZUO
it follows that
(hαβ(F
∗
0 θ))
i
i!
=
(
∑d
l=1 F
∗
0 (∂tlyθ)zl)
i
i!
=
∑
|j|=i
F ∗0 (θ
j
∂)z
j
j !
.
Recall that Jαβ =
∑n
i=0
(hαβ(F
∗
0 θ))
i
i!
, it follows that
Jαβ = 1 +
n∑
|j|=1
F ∗0 (θ
j
∂) ·
zj
j !
as wanted.
Step 2: Connection isomorphism. We need to show that under the above isomor-
phism, the connection ∇exp on Hexp is equal to the connection ∇ on H . Take a
local section e of E over Uα. Set θl := ∂tlyθ. By the horizontal property of Φ, we
have
∇[Φ˜F˜α(F
∗
0 e)] = Φ˜F˜α ◦
[
d∑
l=1
F ∗0 θl · ζα(F
∗
0 dtl)
]
(F ∗0 e).
As
∇exp(F
∗
0 e) =
[
d∑
l=1
F ∗0 θl · ζα(F
∗
0 dtl)
]
(F ∗0 e),
it follows that
Φ˜F˜α(∇exp(F
∗
0 e)) =
[
d∑
l=1
F ∗0 θl · ζα(F
∗
0 dtl)
]
Φ˜F˜α(F
∗
0 e) = ∇[Φ˜F˜α(F
∗
0 e)].

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